Introduction
In a recent study, Fu et al. (1993) analyzed GEOSAT sea level observations in the tropical Pacific Ocean using a wind-driven equatorial wave model. The analysis was based on an assimilation of the measurements using a Kalman filter and smoother. Data assimilation allows quantitative analyses of ollservations in a dynamical framework, and in particular, Fu et al. (1993) found 68% of the signal variance of the sea level observation to be consistent with wind-driven equatorial waves, The limitation to Fu et al,'s (1993) analysis was in the simplified dynamics of their model. Variations not associated with equatorial Kelvin and Rossby waves were not resolved, and their simplified model geometry did not allow incorporations of the coastal geometry and was limited to analyzing data within 10°of the equator.
In this present study, we will utilize a reduced-gravity shallow water model to analyze TOPEX sea level observations (Fu et al., 1994) from September 24, 1992 till September 25, 1993 . The objective of this study is to analyze the skill of a model that also incorporates other physics besides equatorial waves in accounting altimetric observations, and in turn to evaluate and to explore the accuracies and utility of TOPEX measurements. The third goal of this study is to demonstrate the efficacies of an approximate Kalman filter and smoother ixl making useful estimates of the ocean circulation.
Reduced-gravity shallow water models have frequently been used to study the sea level response in the tropical oceans to changes in wind forcing since the early study of Busalacchi and O 'Brien (1981 ) . The oceanic response to wind changes is an essential part of the physics of El Nifio, and such a shallow water model is also a major component in the model of Zebiak and Cane (1987) in simulating and predicting El Nifio. One of the dominant signals observed in the TOPEX measurements are the seasonal changes associated with the equatorial current system (Stammer and Wunsch, 1994) . Such changes are in a quasi-steady-state balance with the wind that cannot be simulated with an equatorial wave model, but should be resolvable by a shaUow water model.
Although TOPEX/POSEIDON observations have unprecedented accuracies, there are still remaining errors in the sea level data that are comparable to the signal of some of the oceanic phenomena of interest. One of the largest remaining error sources at present is believed to be in the oceanic tidal corrections. The standard tidal corrections provided with the TOPEX GDR are bssecl on the models of Cartwright and Ray (1990) and Schwiderski (1980) . Fu and Pihos (1994, unpublished manuscript) have computed empirical corrections to some of the tidal constituents of these two models using TOPEX measurements. While assimilation corrects model deficiencies, the estimate in turn can be used to evaluate these different tidal corrections by comparing which corrections lead to the best agreement between data and model.
The larger dimensionality of the present shallow water model (= 12,000 variables) in comparison with the model used by FU et al. (1993) (N 400) results in a significant increase in the computational requirements such that direct application of Kalman filtering becomes prohibitive. For example, the amount of computation for matrix multiplications involved in Kalman filtering is proportional to the cube of the state's dimension. Fukumori and Malanotte-Rizzoli (1995) have recently proposed an approximate filter employing a transformation that approximates the model state with one that has fewer degrees of freedom, thus effectively reducing the size of the estimation problem and the amount of computations involved. I'ukumori and Malanotte-Rizzoli (1995) applied such a filter to a nonlinear primitive equation model with a state dimension exceeding 170,000 elements in a twin experiment. We will utilize their approximations for the present shallow water model, and thereby examine the approximation's utility in analyzing real observations.
Data
The analyzed observations are temporal sea level variabilities measured during the first year of the TOPEX/POSEIDON mission (cycles 1 to 37) corresponding to measurements taken from September 24, 1992 till September 25, 1993, Data are based on the TOPEX Geophysical Data Record (GDR) (POSEIDON data were not used in this study) with all standard environmental corrections applied including solid earth and ocean tides, water vapor, dry tropospheric and ionospheric delays, and an inverse barometer correction for atmospheric pressure loading of the sea surface. The Cartwright and Ray (1990) model is used for ocean tides, plus an additional correction of its M2 and K1 constituents computed by Fu and Pihos (1994, unpublished manuscript) . The Fu and Pihos correction is an empirical estimate of the residual tidal error that is computed in a similar manner as Schrama and Ray (1994) . To avoid the effects of the model's artificial boundaries at 30"N and 30°S in the analysis, the analyzed data will be limited within 20° of the equator in the tropical Pacific Ocean.
Temporal variabilities (sea level anomalies) are computed relative to the l-year mean sea level to avoid uncertainties associated with the marine geoid,
Model
The model used in this study is based on a finite-difference shallow water model by R. Pacanowski of the Geophysical Fluid Dynamics Laboratory, NOAA. The model is a reduced-gravity shallow water model, linearized about the state of rest with parameters corresponding to typical values of the first ba.roclinic mode of the equatorial Pacific Ocean (Cane, 1984) ; The layer depth and gravity are 281 'm and 3.02 cm/s2, respectively, which give a wave speed of 2.91 m/s. The model domain (Figure 1 ) extends zonally across the Pacific basin, but limited meridionally between 30° S and 30°N. The model grid resolution is 2° zonally and 10 meridionally, amounting to a total state dimension of 11,940 variables. All horizontal bou~ Ldaries are t rested as impermeable with no-slip boundary conditions. Horizontal Laplacian friction is used with a viscosity of 10 7 cm 2 /s, except within 5° of the boundaries, where it is linearly increased by a factor of 10. At the western boundary viscosity is increased by a factor of 100 within 10° of the boundary to dampen short waves unresolvable by the model grid, The model is forced by the NMC wind analyses. To reduce the storage requirements of these winds, a 3 day bin averaging was applied to the 12-hourly winds, which was then linearly interpolated in time during model integration.
Assimilation Method
A quasi-optimal Kalman filter and smoother will be employed to analyze the altimetric observations, Although statistically optimal, direct application of Kalman filtering (e.g., Gelb, 1974) to ocean data analyses are computationally prohibitive because of its requirement to evaluate the time evolving estimation error covariance matrix that make up the filter. Fukumori and Malanotte-ltizzoli (1995) explored a Kalman filter employing a transformation that approximates the mc)del state with one that has fewer degrees of freedom, thus effectively reducing the size of the estimation problem. The transformation was chosen so as to resolve the large-scales of the model, with the aim of making the largest improvement in the model with the minimum amount of computation by estimating scales containing the dominant part of the uncertainties, An additional approximation was made by using the asymptotic limit of the time-evolving error estimate in the filter (Fukumori et al,, 1993 ) thereby further reducing the storage and the amount of computation in performing estimation, While these approximations lead to near optimal estimates under the assumptions, the main advantage of the method is that it provides a practical yet objective method to compute the filter and smoother.
In essence, the reduced-dimension static approximate filter improves the dominant scales of the model estimate by mapping the data-model misfit (innovation) to such scales for which statistical quantities are easier to evaluate because of their smaller dimension, Let us define a linear transformation B relating the model state x to one that has a smaller dimension x' such that,
Here x is some prescribed time-invariant reference state and t is time, Then the filter can be approximated using the asymptotic error covariance matrix of the filtered x' estimate (P') in place of the error of x (P(t)) m
K(t) = P(i) HT(t)R-l (t) x BP'B7HT(t)R-1 (t) (2)
Matrix H(t) is an operator such that H(t)x(t) is the model's equivalent of the observations and R(t) is the data error covariance matx ix. Error P' is evaluated from a model for x' that is obtained by combining (1) with the dynamic model for x, Namely, denoting the state transition matrix for x as A (assuming a linear model for simplicity), the transition matrix for x' is B*AB where B* is the pseudo inverse of B.
While Fukumori and Malanotte-Rizzoli (1995) only examined an approximate filter, a similar approximation can be made to the smoother S as well. The static fixed interval smoother of Fukumori et al. (1993) improves filtered estimates extracting information contained in formally future observations by sequentailly mapping differences between smoothed estimates and dynamic updates backwords in time, Using (1) and its inverse, these differences can be mapped via the coarse space (x') similar in fashion to the filter (2) by approximating the asymptotic smoother as . .
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Matrix P: (P-) is the asymptotic limit of the dynamic updated error estimate of x' (x).
For the present shallow water model, the coarse state x' was chosen baaed on scales of the model's variability y. As in Fukumori and Malanot te-Rizzoli (1995), empirical orthogonal functions for each independent state variable were computed based on results of a model simulation, and analyzed to determine the dominant scales of variability.
Approximately 20 zonal and 14 meridional modes are necessary to resolve 95% of the variability y, and a coarse grid waa chosen accordingly as shown by the dots in Figure 1 . 
Model and Data Error Estimates
Estimates of data error and model error (and in turn the process noise) used in deriving the filter and smoother can be made from a comparison between observations and model simulation (i.e., model run without assimilation) [Fu et al., 1993] . (20) and (21) For simplicity, errors of data and simulation will be both modeled as being timeinvariant, with mean variances equaling the comesponding estimates above. The measurement error part of data error was modeled a~ having a Gaussian covariance function with a 1300 km e-folding scale along the satellite ground track and a 23.65 cm 2 variance, comprised of orbit error (2.5 cm root-mean-square), tides (3.8), water vapor (l), pressure loading (l), and EM bias (1). Error covariances between data from different satellite passes were a.ssurned to be independent. The remaining part of data error (11.65 cm 2 ) is ascribed to missing physics and was treated as being spatially uncorrelated.
Errors of the simulation depend on model dynamics and its process noise (the incremental error of the model). Process noise was modeled in the form of wind error with a Gaussian covariance among the pseudo stress components. Correlation distances are assumed to be 10° zonally and 2° meridlonally and the variance (W) was modeled as a function of wind speed error u as (Miller and Cane, 1989) w == 4U*U: + 3U4
. . 9 where U. is the true wind speed. The correlation between errors of meridional and zonal stresses were assumed to be independent of each other, and the time-mean NMC winds were used in place of U.. The asymptotic error was computed assuming a typical 3-day observation pattern (centered on May 16, 1993) with winds completely correlated over 3-days but independent from one three-day period to the next. A comparable mean model error to that shown in Figure 2 is obtained with a =: 2.2 (m/s). Estimates made by the simulation show several qualitative similarities with TOPEX data, but significant quantitative differences are also evident. For example, "several signals are stronger in the smoothed estimate than in the simulation, such as the negative eastward propagating anomalies along the equator (days 51 OW6OO, Figure   3 ) and the seasonal changes in Figure 4 . On the c>ther hand, the simulation overestimates changes along 12.5° S ( Figure 5 ) especially those east of 250° E, which are associated with Rossby waves generated by reflecting equatorial Kelvin waves at the eastern boundary. These reflected Rossby waves are not as strong in the smoothed estimate as they are in the simulation ( Figure 6 ).
Results of Assimilation
Correlation maps between the estimates and TOPEX data are shown in Figure   7 . The simulation has significant correlations with the altimetric measurements in the central equatorial Pacific which are largely due to the model's ability to simulate wind-driven equatorial waves in these regions (Figures 3 and 4) . However, there are vast areas over which the correlations are small and even negative. In contrast, the assimilation modifies the model in accordance with what is observed resulting in higher correlations over the entire region.
Although much improved, there are somewhat lower ccmrelations in some regions even after assimilation, Larger discrepancies found in the western end of the model is likely due to effects of islands not resolved by the model and the excess darnping required for the model's numerical stability. The southeastern region also has smaller correlation than the rest, but the signal variance in this area is small (Figure 8 ) and the discrepancy is likely due to the smaller signal to noise ratio. On the other hand, the area along the eastern boundary has small correlation even though their are significant amounts of observed sea level variability, which suggests pc)ssibly larger model deficiencies in this area than assumed by the modeled process noise.
Statistical consistencies must be examined to assess the validity of the estimates.
Otherwise, for instance, models can be fit arbitrarily close to the observations by assuming an excessively large model error P for the filter [Equation (2) than for the zonal components (u), and are also due to the model's physics, Figure 12 shows a comparison of meridional velocity at 140"W. Unlike the zonal component (Figure 11 ), meridional velocity is dominated by high frequency variations barely resolvable by the 3-day analysis interval employed in this study. The variations of the meridional velocity are also smaller than those of the zonal compcment. These differences between u and v reflect the zona,l and meridional asymmetry in equatorial dynamics. In the low-frequency, long zonal-scale limit, v is necessarily much smaller than u (e.g., Cane
and Patton, 1984). These differences are also reflected in the accuracy estimates given in Table 3 , which are computed according to the approximations described in Sections 4 and 5. The expected improvements as a result of TOPEX sea level assimilation are much larger for zonal velocity than those for the meridional velocity. The smaller amplitude and higher frequency makes improvements of rneridiona.1 velocity along the equator by altimetric assimilation more difficult than improving zonal circulation.
The nature of the estimate's velocity variations can be inferred further fkom a longitude vs time plot along the equator shown in Figure 13 
Summary and conclusions
The first year of the TOPEX altimetric sea level observations over the tropical Pacific The assimilated estimates were shown to be consistent with the observations within their expected uncertainties and comparisons with independent observations from tide gauges and current meters validate the improvements made by the assimilation, These results demonstrate the first order dynamic and statistical consistencies of the estimation method.
Although the model was shown to account for a major portion of the observed altimetric sea level variation, regions near the eastern boundary had larger model deficiencies than the rest even after assimilation (Figure 7 ) for which no simple explanation was identified. The eastern boundary region is also the area where model simulation had anomalously large Rossby waves reflected frc)m the eastern boundary but not observed in the data (Figures 5 and 6 ). Although much of these deficiencies were accounted for by the assumed amount of wind error, the remaining differences may still be due to In spite of the assimilation's success in improving velocity estimates from altimetric data alone, the model is obviously too simple to fully resolve the circulation.
A three-dimensional nonlinear model will be necessary to simulate effects due to the full suite of equatorial currents, especially their effects on the vertical dependence of the circulation. The first baroclinic mode resolved in the present study is just one component among the vertical degrees of freedom, but other components are also observable from rdtimetric observations (Ilkumori et al., 1993) . The approximate filter and smoother make application of estimation theory to models with larger dimension and more physics feasible, and are currently under way. In situ data such as the TOGA TAO array provide a high rate of temporal sampling and may also be assimilated instead of merely being used as a means of validation.
Although the present analysis was performed at three-day intervals partly for computational convenience, a time-continuums analysis, namely assimilation at the exact times that the measurements are made, may prove effective as well, The approximate filter and smoother, Equations (2) and (3), can be applied at a much finer temporal interval without increase in computational requirements.
The present results are encouraging and prospects for estimating the three dimensional circulation are promising. 
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